Abstract: This paper is devoted to the description of an explicit staggered grid scheme for the rotating shallow water equations in one and two-dimension. The shallow water equations is approximated using the momentum conservative scheme, and the Coriolis terms is calculated using the Crank-Nicolson method. The resulting scheme is implemented for simulating various rotating phenomena, such as, the interior gravity wave, oscillation in a paraboloid, coastal and equatorial Kelvin waves. Comparison with exact solution or other collocated scheme (Suliciu or HLLC scheme) give good agreement. The discrete L 1 error and the convergence rate of the scheme are shown to be satisfied. Moreover, our numerical experiments satisfy entropy stability. Except from adjustment for the initial and boundary conditions, no special treatment are required for all simulations above. And these indicate the robustness of our explicit staggered grid scheme.
Introduction
We all live on a rotating earth. Motions of wind and currents we observe in daily life are motions on a rotating earth. Naturally, governing equations of geophysical fluid motion are written in a rotating frame of reference. A frame that rotates according to earth rotation. Basically, if the equations are written in this rotating frame, there are additional terms from the Coriolis force, which is a fictitious force. Due to Coriolis effect, wind moves spiral to the right (clockwise) in the Northern Hemisphere, and spiral to the left (anti-clockwise) in the southern part, see Figure 1 . And in the equator area there is no Coriolis effect. Oceanic and atmospheric phenomena usually occur over length scales much larger than vertical depth and shallow water description are mostly adopted. The shallow water equations (SWE) with additional Coriolis terms is called rotating shallow water equations. These Coriolis terms are important effects for motions occurring over large distances and long periods of time, such as large-scale movement of air in the atmosphere or water in the ocean. In most finite volume methods applied to shallow water equations, all unknowns are approximated on the same mesh (collocated grid) and the numerical fluxes are computed using an approximate Riemann solver. For the description and analysis of this approach, see for instance Bouchut (2004) , Audusse et al. (2004) , LeVeque (2002) and Toro (2009) . Different from the collocated finite volume, here we implement the staggered finite volume method to approximate the rotating shallow water equations (1) to (3). This scheme is chosen because it is efficient, relatively simple, and robust, see Doyen and Gunawan (2014) , Stelling and Duinmeijer (2003) , Pudjaprasetya and Magdalena (2014) and Gunawan et al. (2015) for thorough discussions about this method. Moreover, thorough study in Doyen and Gunawan (2014) has shown the staggered scheme produce nicely comparable results with the collocation method counterparts. The analysis of mathematical properties (consistency, entropy satisfying, etc.) of this method can be found in Doyen and Gunawan (2014) , Herbin et al. (2013) , Herbin et al. (2014) and Nguyen (2013) . In this paper, the explicit staggered grid scheme of the full 2D rotated Shallow water equations (SWE) is formulated. And we demonstrate the adequacy of the resulting scheme for simulating various geostrophic flows under shallow water approximation.
Organisation of this paper is as follows. In Section 2 we discuss the accurate scheme for calculating the Coriolis terms, followed with description of the staggered scheme for the 2D SWE. In Section 3, the scheme is implemented for various problems, such as, the interior gravity wave and Kelvin wave simulation in coastal and equatorial area. Finally we summarise the results in Section 4.
Staggered scheme for 2D rotating SWE
Under the influence of earth rotation and shallow water assumption, the motion of 2D fluid is appropriately modelled by SWE with an additional Coriolis force terms. Formulation of 2D SWE in conservative forms are as follows
where h is the total water depth, u, v the fluid particle velocities in x− and y−directions, respectively. Further, z(x, y) denotes the bottom topography, f the Coriolis parameter, and g the gravity acceleration. Bouchut (2007) derives the entropy condition for the rotating SWE [(1) to (3)]
with the convex entropy
and the associated entropy fluxes,
Since η is convex, integrating (4) in x and y gives d dt
Entropy condition (8) will be used later to check the property of our numerical scheme. In this section we formulate an explicit staggered grid scheme for the rotating shallow water equations (1) to (3). We first discuss an accurate scheme to describe the motion of a free particle under Coriolis force. Then, we discuss the staggered momentum conservative scheme to approximate the 2D SWE. Note: The red point denotes the reference location in the fixed frame of reference.
Motion under Coriolis force
In the absence of other forces except Coriolis, a particle on earth experiences an inertial oscillation governed by the equations for velocity components
with f = 2Ω r sin ϕ is the Coriolis parameter, Ω r = 2π/T the rotation rate, T the rotation period, and ϕ the geographical latitude. Implementing θ−scheme to approximate equations (9) and (10) yield
for n = 0, 1, · · · as time step index. When θ = 0 the scheme (11) is explicit, θ = 1 the scheme is implicit, and θ = 1/2 the scheme is known as trapezoidal or Crank Nicolson scheme. From eigenvalues analysis of the amplification matrix corresponds to (11), we obtain: explicit scheme is unstable, implicit and Crank-Nicolson scheme are unconditionally stable. Moreover, amplification matrix corresponds to the Crank-Nicolson scheme has eigenvalues with norm one, which means this scheme is free from numerical damping error. Once the velocity field (u(t), v(t)) is obtained, particle trajectory (x(t), y(t)) can be calculated from
using forward Euler.
A particle initially at a position x = 0 and y = 5 km is obstructed by an initial speed u = 0.5 m/s and v = 0.5 m/s. We shall see its trajectory under a rotating frame at rate of −1.454 × 10 −5 s −1 , that corresponds to clockwise rotation with a period of 24 hours. The resulting computation using the implicit and Crank-Nicolson time integration with ∆t = 24 × 3, 600/T where the final time step T = 200 are shown in Figure 2 .
Results form the implicit scheme are given in Figure 2 (a). Even tough the scheme is stable, we observe a trajectory spiralling inward and a gradual decrease in speed, which is certainly incorrect. On the contrary, the Crank-Nicolson results as in Figure 2 (b) show the correct results, which is a circular trajectory. Therefore, in further computations the Coriolis terms are calculated using Crank-Nicolson, with the explicit formula obtained from (11) for θ = 1/2 as follows
with α = f ∆t.
Explicit staggered grid scheme
In this section, the 2D explicit staggered grid scheme for rotating shallow water equations is formulated. The scheme is based on the momentum conservative approximation for 2D SWE, and combine with Crank-Nicolson scheme for calculating the Coriolis effect. Consider a rectangular space
The domain is meshed with a rectilinear grid of 
The approximation of mass conservation (1) at a cell K i,j is as follows
with mass fluxes p and q are calculated using upwind approximation
Approximation (13) is in fact the exact mass conservation in cell K(i, j). When (13) is applied to the whole domain, to all (i, j) ∈ M, the resulting approximation will conserve mass. Detail explanation for the 1D case are discussed in Pudjaprasetya and Magdalena (2014) .
Approximation of the momentum balance (2, 3) are calculated by means of splitting, meaning that first we solve (2, 3) without the Coriolis terms,
+ gh∂ y z = 0, and subsequently solve
The momentum balance (16) to (17) is approximated using the explicit upwind fluxes for the convective terms and implicit centred fluxes for the pressure term and topography term
Note that in (20) the calculated variables is written with * to indicate that it needs correction from the Coriolis terms, and the pressure term should be calculated implicitly for stability purposes.
The momentum balance in y-direction (17) is approximated similarlȳ
wherē h i,j+
The approximations (20) to (24) are momentum conservative, and their formulation are similar with the momentum conservative scheme for 2D SWE as introduced in Stelling and Duinmeijer (2003) . Next, is the correction step accounting for the Coriolis terms Kampf (2009); Walters et al. (2009); Adcroft et al. (1999) . Applying the Crank-Nicolson scheme analogous to (12) yield
The above scheme is first-order accurate, with the CFL condition
The numerical simulations show that the staggered scheme is stable under the CFL condition ν ≤ 1. Choices for second order method are MUSCL or ENO flux reconstruction, but this is not discussed in this paper. Recapitulating, the computational procedure holds for any time step t n is as follows:
• calculate h n+1 using mass conservation (13)
• calculate (hu) * and (hv) * from the momentum balance (20) to (24) • calculate (hu) n+1 and (hv) n+1 as corrections for (hu) * and (hv) * using (28) and (30).
Numerical implementations
In this section, we present numerical tests of the explicit staggered grid scheme for the 2D rotating SWE. We present simulations of the interior gravity wave introduced in Zeitlin (2007) , oscillation in a paraboloid, and Kelvin wave in coastal and equatorial area.
The interior gravity wave
For this simulation we use the one-and-a-half dimensional case of the rotating shallow water equations read as
where t and x denotes respectively the time and space variables, h the water height, u and v the velocity in horizontal direction, g the gravitational constant, z(x) the topography of the bottom, and f (x) the Coriolis parameter. This test case is designed for simulating wave-breaking and shock phenomena and their influence on the adjustment of unbalanced jets, as discussed in Bouchut et al. (2004) . For simulation, we take the initial conditions as in Zeitlin (2007) 
where
, with V and L are the maximum zonal velocity and the width of the jet. We use the Coriolis parameter f = π, that corresponds to Rossby deformation radius
is shown in Figure 4 (a). The resulting dynamic depends on the two non-dimensional parameters: the Rossby number
, and the Burger number Bu α = gH f 2 L 2 . According to Bouchut et al. (2004) , the fully nonlinear adjustment corresponds to Ro α ≈ 1 and the natural time-scale is defined as T f = 2π f . For computations we use parameters Ro α = 1 and Bu α = 0.25, and the result is shown in Figure 4 (b). The surface wave breaks into two due to imbalance of momentum. Moreover, two shock waves rapidly formed at both wave fronts as expected.
Comparison between the staggered and collocated grid are shown in Figure 5 . Results from the staggered scheme and Suliciu scheme (or HLLC scheme which is used in Bouchut et al. (2004) ) are nicely confirmed. Hence, our staggered scheme is able to approximate the Coriolis term, and also to resolve waves with shock. However, our staggered scheme is much more simple and efficient. No special technique or treatment to discretize the Coriolis term in the momentum equation for staggered scheme. 
Oscillation in a radially-symmetric paraboloid
Consider the explicit staggered grid scheme for the full equations (1) to (3). Here, the accuracy of our scheme is tested using the radially-symmetric paraboloid case that admit exact solution as recorded in Thacker (1981) . In this test case, the water motion is periodic. Since the model is frictionless, this periodic motion will remain over infinitely long time.
On a computational domain [0, 4] × [0, 4], we adopt the paraboloid topography centred at (x 0 , y 0 ) defined as
And we implement the following initial conditions
For simulating this test case, our numerical scheme should be able to accommodate wet/dry transition correctly. Here, the wet/dry transition is accommodated simply by calculating hu and hv, only if h > 0 which means the corresponding cells still wet. When h = 0 then hu and hv are assigned to zero. We conduct a computation using ∆x = ∆y = 0.04, ∆t = 0.005 and we use (x 0 , y 0 ) = (2, 2), g = 9.8, with parameters A = 0.22, h 0 = 0.1, and Coriolis parameter f = 0.05. In Figure 6 the computational results are plotted together with analytical solutions from Thacker (1981) . Clearly, they show a good agreement. Moreover, the numerical wave frequency confirm the analytical formula ω = √ 2gh 0 . Table of discrete L 1 error and convergence rate of the staggered scheme are shown in Table 1 and Figure 7 , respectively. Here, the error is calculated by
where h(x i , y j ), u(x i , y j ) and v(x i , y j ) are analytical solutions as recorded in Thacker (1981) . From Figure 7 , we can see that the staggered scheme converges to the analytical solution as the number of grid points increases. 
Coastal Kelvin wave
Next, we perform simulation of coastal Kelvin wave can be found in Kampf (2009) . Kelvin wave is a travelling wave that is affected by the Earth's Coriolis force and requires the support of a topographic boundary in the ocean or a waveguide in atmosphere. This non-dispersive wave commonly appears in the ocean where it can travel along a coastlines. In the atmosphere, this kind of wave can appear along the equator. The Kelvin wave is also known as the trapped wave since the wave exponentially decay away from the boundary (see Cushman-Roisin and Beckers, 2011) . Consider the full equations (1) to (3) (a)
Figures 8 and 9 present the calculated suface waves in 3D view and contours plots, respectively. We clearly see the main feature of Kelvin wave. It is a non-dispersive wave, in which the wave retains its shape in the alongshore direction over time. Moreover, due to Coriolis force, the wave amplitude decay exponentially in the offshore direction, with the maximal amplitude attained along the shoreline. Simulation results presented in 3D view and surface wave contours are shown in Figures 8 and 9 , respectively. In Figures 8 and 9 , we clearly see the effect of Coriolis force. Both results in Figures 8(b) and 9(b) show that the coastal Kelvin wave reaches maximal amplitude along the coast. As we expect, these simulations display the feature of Kelvin wave, a non-dispersive wave, i.e. the wave retains its shape in the alongshore direction over time.
During simulation, we calculate the relative entropy η η| t=0 as a function of time, where η is given in (5).
The resulting entropy curve as given in Figure 10 is nearly constant. This is to be expected since our simulation produce relatively smooth solutions. This observation indicates that our numerical scheme satisfies entropy stability. 
Equatorial Kelvin waves
Cushman-Roisin and Beckers (2011) discuss perturbation waves in the equatorial area, including Kelvin waves, mixed waves, and some planetary waves. These waves are symmetric with respect to the equator. The short wavelength Kelvin waves carry energy eastward direction, whereas the long wavelength planetary waves carry energy to westward direction. Since there is no Coriolis force along the equator, currents cannot be preserved in the geostropic balance, and hence dynamical waves are different between tropical and non-tropical regions. Here, the beta-plane approximation to the Coriolis force is used, in which f = βy, where y is the distance from the equator, and β is the variation of the Coriolis parameter. In this section, the numerical simulation of equatorial Kelvin wave will be presented. The domain of this simulation is Ω = [−25 : 25] × [−25 : 25] km. The initial conditions of water height is a linear bell-shaped Kelvin wave (taken from Fedorov and Melville, 2000) and velocity is set to be zero in all direction, to yield h ini (x, y) = 1 + A exp
where q is the aspect ratio of the equatorial length of the disturbance to its width. Parameters of this simulation are q ≈ 3, A = 0.2, β = 1.0, g = 1.0 and boundary conditions are set to be solid wall.
As we can see from Figure 11 , the Coriolis force near the equator generates three waves separated from the initial position. The larger Kelvin wave moves eastwards, and two smaller planetary waves move westwards. Our result shows similar profile as simulation by Cushman-Roisin and Beckers (2011) .
Further observation, when these waves have arrived at the boundaries there arise reflection waves. Figure 12 shows the contour profiles of wave reflections at two different times t = 74 and t = 212. In reality, this phenomena can be observed in several occasions such as, wave around island, equator current induced by winds, El Niño phenomena, etc. Similar with the previous simulation, the entropy curve for this equatorial Kelvin wave simulation is also constant, and again confirm the entropy stability of our explicit staggered grid scheme. 
Conclusions
We have implemented the staggered momentum conservative scheme for solving the rotating 2D shallow water equations. Numerical simulation of the interior gravity wave has shown a good agreement with result from the collocated scheme (Suliciu or HLLC scheme). For the test case of waves oscillating in a paraboloid topography, our simulation confirms the exact solution. The table discrete L 1 error and convergence rate of our first order scheme are shown to be satisfied. In the simulations of coastal and equatorial Kelvin waves, the entropy is shown to be conserved. For all simulations above, no special treatment are needed, and this indicates the robustness of our explicit staggered grid scheme.
